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1 Introduction
In recent years, CAT() spaces have attracted the attention of many authors as they have
played a very important role in diﬀerent aspects of geometry []. Kirk [, ] showed that a
nonexpansive mapping deﬁned on a bounded closed convex subset of a complete CAT()
space has a ﬁxed point. Since then, the ﬁxed point theory inCAT() spaces has been rapidly
developed and many papers have appeared (see, e.g., [–]).
In , the concept of -convergence in general metric spaces was coined by Lim [].
In , Kirk et al. [] specialized this concept to CAT() spaces and proved that it is very
similar to the weak convergence in the Banach space setting. Dhompongsa et al. [] and
Abbas et al. [] obtained -convergence theorems for the Mann and Ishikawa iterations
in the CAT() space setting.
Motivated by the work going on in this direction, the purpose of this paper is twofold.
We investigate the existence theorems of ﬁxed points, the convexity and closedness of a
ﬁxed point set in CAT() spaces for total asymptotically nonexpansive nonself mappings
which is essentially wider than that of the asymptotically nonexpansive nonself mappings
and the asymptotically nonexpansive mapping in the intermediate sense. We also study
suﬃcient conditions for -convergence and strong convergence of a sequence generated
by ﬁnite or an inﬁnite family of total asymptotically nonexpansive nonself mappings in
CAT() spaces.
2 Preliminaries
Let (X,d) be a metric space and x, y ∈ X with d(x, y) = l. A geodesic path from x to y is an
isometry c : [, l]→ X such that c() = x and c(l) = y. The image of a geodesic path is called
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a geodesic segment. A metric space X is a (uniquely) geodesic space if every two points of
X are joined by only one geodesic segment. A geodesic triangle (x,x,x) in a geodesic
space X consists of three points x, x, x of X and three geodesic segments joining each
pair of vertices. A comparison triangle of a geodesic triangle (x,x,x) is the triangle
¯(x,x,x) :=(x¯, x¯, x¯) in the Euclidean space R such that
d(xi,xj) = dR (x¯i, x¯j), ∀i, j = , , .
A geodesic space X is a CAT() space if for each geodesic triangle (x,x,x) in X and its
comparison triangle ¯ :=(x¯, x¯, x¯) in R, the CAT() inequality
d(x, y)≤ dR (x¯, y¯) (.)
is satisﬁed for all x, y ∈  and x¯, y¯ ∈ ¯.
A thorough discussion of these spaces and their important role in various branches of
mathematics are given in [–].
Let C be a nonempty subset of a metric space (X,d). Recall that a mapping T : C → X is
said to be nonexpansive if
d(Tx,Ty)≤ d(x, y), ∀x, y ∈ C. (.)
T is said to be an asymptotically nonexpansive nonself mapping if there exists a sequence




)≤ knd(x, y), ∀x, y ∈ C,n≥ . (.)
Let (X,d) be a metric space, and C be a nonempty and closed subset of X. Recall that
C is said to be a retract of X if there exists a continuous map P : X → C such that Px = x,
∀x ∈ C. A map P : X → C is said to be a retraction if P = P. If P is a retraction, then Py = y
for all y in the range of P.
Deﬁnition . [] Let X and C be the same as above. A mapping T : C → X is said to
be ({μn}, {νn}, ζ )-total asymptotically nonexpansive nonself mapping if there exist non-
negative sequences {μn}, {νn} with μn → , νn →  and a strictly increasing continuous




)≤ d(x, y) + νnζ (d(x, y)) +μn, ∀n≥ ,x, y ∈ C, (.)
where P is a nonexpansive retraction of X onto C.
Remark . From the deﬁnitions, it is to know that each nonexpansive mapping is an
asymptotically nonexpansive nonself mapping with a sequence {kn = }, and each asymp-
totically nonexpansive nonself mapping is a ({μn}, {νn}, ζ )-total asymptotically nonexpan-
sive nonself mapping with μn = , νn = kn – , ∀n≥  and ζ (t) = t, t ≥ .
Deﬁnition . [] A nonself mapping T : C → X is said to be uniformly L-Lipschitzian




)≤ Ld(x, y), ∀n≥ ,x, y ∈ C. (.)
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The following lemma plays an important role in our paper.
In this paper, we write (– t)x⊕ ty for the unique point z in the geodesic segment joining
from x to y such that
d(z,x) = td(x, y), d(z, y) = ( – t)d(x, y). (.)
We also denote by [x, y] the geodesic segment joining from x to y, that is, [x, y] = {(– t)x⊕
ty : t ∈ [, ]}.
A subset C of a CAT() space is convex if [x, y]⊂ C for all x, y ∈ C.




( – t)x⊕ ty, z)≤ ( – t)d(x, z) + td(y, z) – t( – t)d(x, y) (.)
for all x, y, z ∈ X and all t ∈ [, ]. In particular, if x, y, z are points in a CAT() space and
t ∈ [, ], then
d
(
( – t)x⊕ ty, z)≤ ( – t)d(x, z) + td(y, z). (.)








The asymptotic radius r({xn}) of {xn} is given by
r
({xn}) = inf{r(x, {xn}) : x ∈ X}. (.)
The asymptotic radius rC({xn}) of {xn} with respect to C ⊂ X is given by
rC
({xn}) = inf{r(x, {xn}) : x ∈ C}. (.)
The asymptotic center A({xn}) of {xn} is the set
A
({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}. (.)
And the asymptotic center AC({xn}) of {xn} with respect to C ⊂ X is the set
AC
({xn}) = {x ∈ C : r(x, {xn}) = rC({xn})}. (.)
Recall that a bounded sequence {xn} inX is said to be regular if r({xn}) = r({un}) for every
subsequence {un} of {xn}.
Proposition . [] Let X be a complete CAT() space, {xn} be a bounded sequence in X
and C be a closed convex subset of X. Then
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() A({xn}) and AC({xn}) both are singleton.
Deﬁnition . [, ] Let X be aCAT() space. A sequence {xn} in X is said to-converge
to q ∈ X if q is the unique asymptotic center of {un} for each subsequence {un} of {xn}. In
this case we write -limn→∞ xn = q and call q the -limit of {xn}.
Lemma . () Every bounded sequence in a complete CAT() space always has a
-convergent subsequence [].
()Let X be a completeCAT() space,C be a closed convex subset of X . If {xn} is a bounded
sequence in C, then the asymptotic center of {xn} is in C [].
Remark . () Let X be a CAT() space and C be a closed convex subset of X. Let {xn}
be a bounded sequence in C. In what follows, we deﬁne
{xn} ⇀ w ⇔ (w) = infx∈C(x), (.)
where (x) := lim supn→∞ d(xn,x).
() It is easy to know that {xn} ⇀ w if and only if AC({xn}) = {w}.
Nanjaras et al. [] established the following relation between -convergence and weak
convergence in a CAT() space.
Lemma . [] Let {xn} be a bounded sequence in aCAT() space X, and let C be a closed
convex subset of X which contains {xn}. Then
(i) -limn→∞ xn = q implies that {xn} ⇀ q;
(ii) the converse of (i) is true if {xn} is regular.
Lemma . [] Let C be a closed and convex subset of a complete CAT() space X, and
let T : C → X be a uniformly L-Lipschitzian and ({μn}, {νn}, ζ )-total asymptotically non-
expansive nonself mapping. Let {xn} be a bounded sequence in C such that {xn} ⇀ q and
limn→∞ d(xn,Txn) = . Then Tq = q.
Lemma . [] Let C be a closed and convex subset of a complete CAT() space X, and
let T : C → X be an asymptotically nonexpansive nonself mapping with a sequence {kn} ⊂
[,∞), kn → . Let {xn} be a bounded sequence in C such that limn→∞ d(xn,Txn) =  and
-limn→∞ xn = q. Then Tq = q.
Lemma . [] Let X be a CAT() space, x ∈ X be a given point and {tn} be a sequence




d(xn,x)≤ r, lim sup
n→∞
d(yn,x)≤ r,






( – tn)xn ⊕ tnyn,x
)
= r
for some r ≥ . Then
lim
n→∞d(xn, yn) = . (.)
Lemma . [] Let {an}, {λn} and {cn} be the sequences of nonnegative numbers such
that
an+ ≤ ( + λn)an + cn, ∀n≥ .
If
∑∞
n= λn < ∞ and
∑∞
n= cn < ∞, then the limit limn→∞ an exists. If there exists a subse-
quence of {an} which converges to , then limn→∞ an = .
Lemma . [] Let X be a complete CAT() space, {xn} be a bounded sequence in X with
A({xn}) = {p}, and let {un} be a subsequence of {xn} with A({un}) = {u} and let the sequence
{d(xn,u)} converge, then p = u.
3 Main results
Theorem . Let X be a complete CAT() space, C be a nonempty bounded closed and
convex subset of X. If T : C → X is a uniformly Lipschitzian and total asymptotically non-
expansive nonself mapping, then T has a ﬁxed point in C.
Proof For any given point x ∈ C, deﬁne






, ∀u ∈ C,
where P is a nonexpansive retraction of X onto C.
Since T is a total asymptotically nonexpansive nonself mapping, ζ is a strictly increasing




)≤ d((PT)nx,u) + νmζ (d((PT)nx,u)) +μm
≤ d(T(PT)n–x,u) + νmζ (d(T(PT)n–x,u)) +μm





)≤ (u) + νmζ ((u)) +μm, m≥ ,∀u ∈ C. (.)
It is easy to know that the function u → (u) is lower semi-continuous, and C is bounded
closed and convex, there exists a point w ∈ C such that (w) = infu∈C (u). Letting u = w




)≤ (w) + νmζ ((w)) +μm, m≥ . (.)
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which implies that {T(PT)n–w} is a Cauchy sequence in C. Since C is complete, let









Since v ∈ C, Pv = v, this shows that v = Tv, i.e., v is a ﬁxed point of T in C.
The proof is completed. 
Remark . Theorem . is a generalization of Kirk [, ] and Abbas et al. [] from non-
expansivemappings and asymptotically nonexpansivemappings in the intermediate sense
to total asymptotically nonexpansive nonself mappings.
Theorem . Let X be a complete CAT() space, C be a nonempty bounded closed and
convex subset of X. If T : C → X is a uniformly Lipschitzian and total asymptotically non-
expansive nonself mapping, then the ﬁxed point set of T , F(T), is closed and convex.
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Proof As T is continuous, so F(T) is closed. In order to prove that F(T) is convex, it is
enough to prove that  (x⊕ y) ∈ F(T) whenever x, y ∈ F(T). Setting w =  (x⊕ y), by using





















































































Since C is convex, this shows that w =  (x ⊕ y) ∈ C. Therefore Pw = w, which implies
that w = Tw, i.e., w ∈ F(T).
The proof is completed. 
Now we prove a -convergence theorem for the following implicit iterative scheme:
xn = P
(
( – αn)xn– ⊕ αnTi(n)(PTi(n))k(n)–xn
)
, ∀n≥ , (.)
where C is a nonempty closed and convex subset of a complete CAT() space X for each
i = , , . . . ,N , Ti : C → X is a uniformly Li-Lipschitzian and ({μ(i)n }, {ν(i)n }, ζ (i))-total asymp-
totically nonexpansive nonself mapping deﬁned by (.), and for each positive integer n,
i(n) and k(n) are the solutions to the positive integer equation n = (k(n) – )N + i(n). It is
easy to see that k(n)→ ∞ (as n→ ∞).
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Remark. LettingL =max{Li, i = , , . . . ,N},νn =max{ν(i)n , i = , , . . . ,N},μn =max{μ(i)n ,
i = , , . . . ,N} and ζ = max{ζ (i), i = , , . . . ,N}, then {Ti}Ni= is a ﬁnite family of uniformly
L-Lipschitzian and ({μn}, {νn}, ζ )-total asymptotically nonexpansive nonself mappings de-
ﬁned by (.).
Theorem . Let X be a complete CAT() space, C be a nonempty bounded closed and
convex subset of X. If {Ti}Ni= : C → X is a ﬁnite family of uniformly L-Lipschitzian and







(ii) there exists a constant M∗ >  such that ζ (r)≤M∗r, ∀r ≥ ;
(iii) there exist constants a,b ∈ (, ) with  < b( – a)≤  such that {αn} ⊂ [a,b].
If F :=⋂Ni= F(Ti) = ∅, then the sequence {xn} deﬁned by (.) -converges to some point
q∗ ∈F .
Proof Since for each i = , , . . . ,N , Ti : C → X is a ({μn}, {νn}, ζ )-total asymptotically non-





)≤ d(x, y) + νnζ (d(x, y)) +μn
≤ ( + νnM∗)d(x, y) +μn, ∀n≥ , (.)
where P is a nonexpansive retraction of X onto C.
(I) We ﬁrst prove that the following limits exist:
lim
n→∞d(xn,q) for each q ∈F and limn→∞d(xn,F ). (.)
In fact, since q ∈F and Ti, i = , , . . . ,N , is a total asymptotically nonexpansive nonself









≤ d(( – αn)xn– ⊕ αnTi(n)(PTi(n))k(n)–xn,q)











Simplifying it and using condition (iii), we have
d(xn,q)≤  – αn – αn( + νk(n)M∗)d(xn–,q) +
αnμk(n)


















 – b( + νk(n)M∗)
.
Yang and Zhao Journal of Inequalities and Applications 2013, 2013:557 Page 9 of 17
http://www.journalofinequalitiesandapplications.com/content/2013/1/557
Since  – b( + νk(n)M∗) →  – b (as n → ∞), there exists a positive integer n such that
 – b( + νk(n)M∗)≥ –b for all n≥ n. Therefore one has
d(xn,q)≤ ( + σn)d(xn–,q) + ξn, ∀n≥ n,q ∈F , (.)
and so
d(xn,F )≤ ( + σn)d(xn–,F ) + ξn, ∀n≥ n, (.)
where σn =
bνk(n)M∗
–b and ξn =
bμk(n)
–b . By condition (i),
∑∞
n= σn < ∞ and
∑∞
n= ξn < ∞.
Therefore it follows from Lemma . that the limits limn→∞ d(xn,F ) and limn→∞ d(xn,q)
exist for each q ∈F .
(II) Next we prove that for each i = , , . . . ,N ,
lim
n→∞d(xn,Tixn) = . (.)
For each q ∈F , from the proof of (I), we know that limn→∞ d(xn,q) exists, we may as-
sume that
lim
n→∞d(xn,q) = r ≥ . (.)
































)≤ d(xn,q) + νk(n)ζ (d(xn,q)) +μk(n)
≤ ( + νk(n)M∗)d(xn,q) +μk(n), ∀n≥ .
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)→  (as n→ ∞). (.)







and for each j = , , . . . ,N ,
lim
n→∞d(xn,xn+j) = . (.)
Since Ti, i = , , . . . ,N , is uniformly L-Lipschitzian and for each n > N and P is a nonex-
pansive retraction of X onto C, we have n = i(n) + (k(n) – )N , where i(n) ∈ {, , . . . ,N},
i(n) = i(n +N) and k(n) +  = k(n +N). Hence it follows from (.) and (.) that







































)→  (as n→ ∞), (.)
where Tn = Tn(modN). Consequently, for any j = , , . . . ,N , from (.) and (.) it follows
that
d(xn,Tn+jxn)≤ d(xn,xn+j) + d(xn+j,Tn+jxn+j) + d(Tn+jxn+j,Tn+jxn)
≤ ( + L)d(xn,xn+j) + d(xn+j,Tn+jxn+j)→  (as n→ ∞).






n= →  (as n→ ∞).
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n→∞d(xn,Tixn) = , ∀i = , , . . . ,N .
Conclusion (.) is proved.
(III) Now we show that {xn} -converges to a point in F .
LetWω(xn) :=
⋃
{un}⊂{xn} A({un}). We ﬁrst prove thatWω(xn)⊂F .
In fact, let u ∈ Wω(xn), then there exists a subsequence {un} of {xn} such that A({un}) =
{u}. By Lemma ., there exists a subsequence {vn} of {un} such that-limn→∞ vn = v ∈ C.
In view of (.), limn→∞ d(vn,Tivn) = . It follows from Lemma . that v ∈ F ; so, by
(.), the limit limn→∞ d(xn, v) exists. By Lemma ., u = v. This implies thatWω(xn)⊂F .
Next let {un} be a subsequence of {xn} with A({un}) = {u}, and let A({xn}) = {x}. Since
u ∈Wω(xn)⊂F , from (.) the limit limn→∞ d(xn,u) exists. In view of Lemma ., x = u.
This implies thatWω(xn) consists of exactly one point. We know that {xn} -converges to
some point q∗ ∈F .
The conclusion of Theorem . is proved. 




xn+ = p(( – αn)xn ⊕ αnTi(n)(PTi(n))k(n)–yn), n≥ ,
yn = p(( – βn)xn ⊕ βnTi(n)(PTi(n))k(n)–xn),
(.)
where C is a nonempty closed and convex subset of a complete CAT() space X for each
i = , , . . . , Ti : C → X is a uniformly Li-Lipschitzian and ({μ(i)n }, {ν(i)n }, ζ (i))-total asymptot-
ically nonexpansive nonself mapping deﬁned by (.), and for each positive integer n≥ ,
i(n) and k(n) are the unique solutions to the following positive integer equation:
n = i(n) + (k(n) – )k(n) , k(n)≥ i(n). (.)
Lemma . [] () The unique solutions to the positive integer equation (.) are








, k(n)≥ i(n) and k(n)→ ∞ (as n→ ∞),
where [x] denotes the maximal integer that is not larger than x.
() For each i≥ , denote
i :=
{





k(n) : n ∈ i,n = i + (k(n) – )k(n) ,k(n)≥ i
}
,
then k(n) +  = k(n + ), ∀n ∈ i.
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Theorem . Let X be a complete CAT() space, C be a nonempty bounded closed and
convex subset of X, and for each i ≥ , let Ti : C → X be a uniformly Li-Lipschitzian and
({μ(i)n }, {ν(i)n }, ζ (i))-total asymptotically nonexpansive nonself mapping deﬁned by (.), sat-







n <∞,∑∞i=∑∞n= μ(i)n <∞;
(ii) there exists a constant M∗ >  such that ζ (i)(r)≤M∗r, ∀r ≥ , i = , , . . . ;
(iii) there exist constants a,b ∈ (, ) with  < b( – a)≤  such that {αn}, {βn} ⊂ [a,b].
If F :=⋂∞i= F(Ti) = ∅ and there exist a mapping Tk ∈ {Ti} and a nondecreasing function




)≤ d(xn,Tkxn), ∀n≥ , (.)
then the sequence {xn} deﬁned by (.) converges strongly (i.e., in metric topology) to some
point q∗ ∈F .
Proof Weobserve that for each i≥ , Ti : C → X is a ({μ(i)n }, {ν(i)n }, ζ (i))-total asymptotically




)≤ d(x, y) + ν(i)n ζ (i)(d(x, y)) +μ(i)n
≤ ( + ν(i)n M∗)d(x, y) +μ(i)n , ∀n≥ . (.)
(I) We ﬁrst prove that the following limits exist:
lim
n→∞d(xn,q) for each q ∈F and limn→∞d(xn,F ). (.)










≤ d(( – βn)xn ⊕ βnTi(n)(PTi(n))k(n)–xn,q)




≤ ( – βn)d(xn,q) + βn
((














≤ d(( – αn)xn ⊕ αnTi(n)(PTi(n))k(n)–yn,q)




≤ ( – αn)d(xn,q) + αn
((





Substituting (.) into (.) and simplifying it, we have
d(xn+,q)≤ ( + σn)d(xn,q) + ξn, ∀n≥ ,q ∈F , (.)
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and so
d(xn+,F )≤ ( + σn)d(xn,F ) + ξn, ∀n≥ , (.)
where σn = bν(i(n))k(n) M∗(+ν
(i(n))









n= ξn <∞. By Lemma ., the limits limn→∞ d(xn,F ) and limn→∞ d(xn,q) exist for
each q ∈F .
(II) Next we prove that for each i≥ , there exists a subsequence {xm} ⊂ {xn} such that
lim
m→∞d(xm,Tixm) = . (.)
In fact, for each given q ∈F , from the proof of (I), we know that limn→∞ d(xn,q) exists.
Without loss of generality, we may assume that
lim
n→∞d(xn,q) = r ≥ . (.)














)≤ d(yn,q) + ν(i(n))k(n) ζ (i(n))(d(yn,q)) +μ(i(n))k(n)








In addition, it follows from (.) that
d(xn+,q)≤ d
(
( – αn)xn ⊕ αnTi(n)(PTi(n))k(n)–yn,q
)





( – αn)xn ⊕ αnTi(n)(PTi(n))k(n)–yn,q
)
= r. (.)
















≤ d(xn,Ti(n)(PTi(n))k(n)–yn) + ( + ν(i(n))k(n) M∗)d(yn,q) +μ(i(n))k(n) , ∀n≥ .
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Taking lim inf as n→ ∞ on both sides in the inequality above, from (.) we have
lim inf
n→∞ d(yn,q)≥ r,
which combined with (.) implies that
lim inf
n→∞ d(yn,q) = r. (.)









 + ν(i(n))k(n) M∗
)





( – βn)xn ⊕ βnTi(n)(PTi(n))k(n)–xn,q
)
= r. (.)









 + ν(i(n))k(n) M∗
)
d(xn,q) +μ(i(n))k(n) ≤ r.








d(xn, yn) = d
(





)→  (as n→ ∞). (.)
Furthermore, it follows from (.) that
d(xn+,xn) = d
(





)→  (as n→ ∞). (.)
Now combined with (.) this shows that
d(xn+, yn)≤ d(xn+,xn) + d(xn, yn)→  (as n→ ∞). (.)
From Lemma ., (.), (.), (.) and (.), we have that for each given positive
integer i ≥ , there exist subsequences {xm}m∈i , {ym}m∈i and {km}m∈i ⊂ Ki := {k(m) :
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+ Lid(xm–,xm)→  (asm→ ∞).
Conclusion (.) is proved.
(III) Now we prove that {xn} converges strongly (i.e., in metric topology) to some point
q∗ ∈F .
In fact, it follows from (.) and (.) that for a given mapping Tk , there exists a sub-







)≤ d(xm,Tkxm), ∀m≥ .








By the property of f , this implies that
lim
m→∞d(xm,F ) = . (.)
Next we prove that {xm} is a Cauchy sequence in C.
In fact, it follows from (.) that for any q ∈F ,
d(xm+,q)≤ ( + σm)d(xm,q) + ξm, ∀m≥ ,
where
∑∞
m= σm <∞ and
∑∞
m= ξm <∞. Hence, for any positive integers m, k, we have
d(xm+k ,xm)≤ d(xm+K ,q) + d(xm,q)≤ ( + σm+k–)d(xm+k–,q) + ξm+k– + d(xm,q).
Since for each x≥ ,  + x≤ ex, one gets
d(xm+k ,xm)≤ eσm+k–d(xm+k–,q) + ξm+k– + d(xm,q)
≤ eσm+k–+σm+k–d(xm+k–,q) + eσm+k–ξm+k– + ξm+k– + d(xm,q)
≤ · · ·




i=m σid(xm,q) + e
∑m+k–
i=m+ σiξm + e
∑m+k–
i=m+ σiξm+ + · · ·
+ eσm+k–ξm+k– + ξm+k– + d(xm,q)
≤ ( +M)d(xm,q) +M
m+k–∑
i=m
ξi for each q ∈F
and






i= σi <∞. By (.) we have
d(xm+k ,xm)≤ ( +M)d(xm,F ) +M
m+k–∑
i=m
ξi →  (asm,k → ∞).
This shows that the subsequence {xm} is a Cauchy sequence inC. SinceC is a closed subset
in a CAT() space X, it is complete. Without loss of generality, we can assume that the
subsequence {xm} converges strongly (i.e., in metric topology in X) to some point q∗ ∈ C.
By Theorem ., we know that F is a closed subset in C. Since limm→∞ d(xm,F ) = ,
q∗ ∈ F . By using (.), it yields that the whole sequence {xn} converges in the metric
topology to some point q∗ ∈F .
The proof is completed. 
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